It was shown by Francis and Steel (2015) that there exist non-trivial networks on 4 leaves upon which the distance metric affords a metric on a tree which is not the base tree of the network. In this paper we extend this result in two directions. We show that for any tree T there exists a family of nontrivial HGT networks N for which the distance metric d N affords a metric on T . We additionally provide a class of networks on any number of leaves upon which the distance metric affords a metric on a tree which is not the base tree of the network.
Introduction
The binary phylogenetic tree is a common method for representing the evolutionary history of an organism (Felsenstein 2004 ). However, this can provide an incomplete or inaccurate picture of the actual evolutionary history (Huson, Rupp and Scornavacca 2010), as binary phylogenetic trees are incapable of representing reticulation events such as hybridisation or horizontal gene transfer. Specifically, horizontal gene transfer is a common phenomenon in nature, and one of the major drivers of drug resistance in bacteria (Koonin, Makarova and Aravind 2001) . As a result, phylogenetic networks with the ability to support reticulate evolution events are increasingly more useful for displaying evolutionary histories.
It is simple to calculate evolutionary distances on a phylogenetic tree, as each pair of organisms in the tree has a unique path between them, so the distance is merely the sum of the weights along this path. However, in a phylogenetic network there may be multiple paths between a pair of organisms, and so an average distance can be calculated, according to some weighting on the paths between the pair.
A reasonable question to ask is whether this average distance method is sufficient to distinguish between evolutionary histories for which reticulation has occurred and those for which it has not. In particular, it was recently shown by Francis and Steel (2015) that in some cases it is impossible to determine whether a HGT reticulation event has occurred or not.
The primary aim of this paper is to demonstrate that in phylogenies with 4 or more taxa, average distance data between taxa always leaves the possibility that a HGT reticulation event has occurred. Informally, we shall refer to a network N as 'tree-metrisable' if there exists a metric that may be placed on N that is also a metric that can be placed on a tree. Thus, an equivalent way of phrasing our primary aim is that we will show that for every tree T there exists a non-trivial network that is tree-metrisable on T .
We also present some novel results in the area of HGT networks. Section 2 deals with the required preliminaries. In Section 3 we will clarify the meaning of a 'non-trivial' HGT network, and derive a lower bound on the number of reticulation events in a non-trivial tree-metrisable HGT network. In Section 4 a novel class of HGT networks referred to as 'versatile networks' is introduced. Versatile networks are shown to have useful properties for producing tree metrics. In Section 5 we prove the main results:
1. For every tree T on at least 4 leaves with tree metric d (T,w) there exists a non-trivial HGT network N such that d (N,w ′ ) = d (T,w) for some set of weights w ′ .
2. For any integer n > 4, there exists a family of trees on n leaves such that for each tree T there is a non-trivial network N that can represent a metric on T such that the base tree of N is not T .
Moreover, both are achieved with the minimum number of reticulation arcs.
This has significant consequences for biologists reconstructing a phylogeny using the four-point condition and average distance calculations. In particular, it demonstrates that showing that data satisfies the four-point condition is insufficient to determine the evolutionary history, as there will always be the possibility that the data can be explained equally well by a history containing several horizontal gene transfer events. This may be an acceptable risk in the study of organisms for which horizontal gene transfers seldom occur, but if horizontal gene transfers are prevalent within the group of organisms studied then the risk will be correspondingly greater.
For instance, Dagan, Artzy-Randrup and Martin (2008) found that in a representative sample of 181 prokaryotic genomes that on average 81 ± 15% of the genes in each genome were involved in horizontal gene transfer at some point in their history, indicating significant cause for concern for the usage of the four-point condition in phylogenetic reconstruction of prokaryotic organisms. Many other studies (Koonin, Makarova and Aravind 2001; Gogarten and Townsend 2005; Andersson 2005 ) support the prevalence of horizontal gene transfer in prokaryotes, and similarly high levels in archaea and certain groups of eukaryotes. In studies intending to taxonomise sets of species from these organisms, the fact that some data satisfies the four-point condition provides no support that the taxa being studied has a treelike evolutionary history. In these circumstances, biologists must therefore appeal to additional information to be able to make this claim.
We will follow the structure of the article by Francis and Steel (2015) to introduce the relevant concepts.
Preliminaries

Trees and Tree Distances
A binary phylogenetic tree is a standard definition, reproduced below for completeness.
Definition 2.2.
A binary phylogenetic X-tree T on a set of taxa X is a rooted acyclic digraph with the following properties:
1. the root vertex has in-degree 0 and out-degree 2; 2. X is the set of vertices with out-degree 0 and in-degree 1; and 3. all remaining vertices have in-degree 1 and out-degree 2.
Unless otherwise stated, all trees in this paper are binary phylogenetic X-trees.
Throughout this paper we refer to two trees as isomorphic if they are isomorphic as unrooted trees, and consequently the isomorphism classes of trees partition trees into those that are isomorphic as unrooted trees. In particular, given a tree on a set of taxa X for |X| = 4 (referred to as a quartet), there are exactly 3 isomorphism classes. If X = {a, b, c, d}, and we denote the tree in which the unique paths from a to b and c and d do not intersect by ab|cd, then these classes correspond to ab|cd, ac|bd and ad|bc.
It is common to apply a weight function to a phylogenetic X-tree T = (V, E), w : E → R >0 , assigning strictly positive weights to the arcs of a tree, and this allows us to define the distance d(x, y) between two leaves x and y in X to be the sum of the weights on the arcs in the unique path between x and y. This distance is referred to as the tree distance between x and y, and the set of distances that can be represented on a tree in this way is referred to as a tree metric.
A useful characterisation of tree metrics is the 'four point condition', which states that d is a tree metric on X if and only if for any four points u, v, x, y in X, two of the three sums
are equal, and are greater than or equal to the third sum, which was first noted by Buneman (1971) . In particular, if d is a tree metric on X there is a unique tree and set of arc weights which realise d, so d is often written d (T,w) and only left as d if meaning is clear from context.
HGT Networks and Network Distances
A HGT network is a generalisation of a binary phylogenetic tree, modified to allow for modelling of certain reticulation events. Definition 2.4. A HGT network N on a set of taxa X is a rooted acyclic digraph (V, E) with the following properties:
1. the root vertex has in-degree 0 and out-degree 2; 2. X is the set of vertices with out-degree 0 and in-degree 1;
3. all remaining vertices are interior vertices and have either in-degree 1 and out-degree 2 (a tree vertex ), or in-degree 2 and out-degree 1 (a reticulation vertex );
4. the arc set E of N is the disjoint union of two subsets, the set of reticulation arcs A R and the set of tree arcs A T ; moreover each reticulation arc ends at a reticulation vertex, and each reticulation vertex has exactly one incoming reticulation arc;
5. every interior vertex has at least one outgoing tree arc; and 6. there is a time function t : V → R so that (a) if (u, v) is a tree arc then t(u) < t(v) and (b) if (u, v) is a reticulation arc, then t(u) = t(v).
Throughout this paper, unless otherwise stated, all networks are HGT networks.
Suppose that for a given network N on a taxa X, we take each reticulation vertex and delete exactly one incoming arc, say the set of vertices S. Delete any out-degree 0 vertices that are not associated with X that arise as a result (repeating until there are none). We now have a directed tree, which may be unrooted if we chose to delete a root arc. If we suppress all vertices of in-degree and out-degree one (that is, if we have arcs (u, v) and (v, w), delete vertex v and introduce an edge (u, w)), then we obtain a potentially unrooted binary tree. Finally, if we did delete a root arc, then the former root vertex now necessarily has a child c of degree 3, so we delete the former root vertex and the remaining root arc and designate c the new root vertex. We have now obtained a binary phylogenetic X-tree, which is referred to as a display tree. The set of all display trees is denoted T (N).
We can, in a sense, think of N as a union of its display trees. Moreover, depending on the extent of gene transfer in each horizontal gene transfer event, a network can be thought of as a weighted union of its display trees.
Distances on a network arise from this idea of networks as a weighted union of a set of trees. The following is used to formalise this concept. For each vertex v in the set V R of reticulation vertices of N, let R(v) denote the two arcs that end at v.
We take a HGT network along with a triple (N, w, β), for w a weight function on the tree arcs, w : A T → R >0 and β a strictly positive probability distribution on the set F N of functions f : V R → E for which f (v) ∈ R(v). Each function f describes a tree T f in T (N), with some associated probability β f which is commonly thought of as the expected proportion of genes that follow the tree T f .
Specifically, for each reticulation vertex v with two incoming arcs a and a ′ we can associate a function α : {a, a ′ } → R >0 that satisfies α(a) + α(a ′ ) = 1, and then let
We refer to α(a) and α(a ′ ) as the reticulation probabilities of a and a ′ respectively. In diagrams of HGT networks usually only the reticulation probability of the reticulation arc is provided. Then we define
where w f is the arc weight induced by N on T f . If there are no reticulation vertices in N, d is taken to be the tree metric d(T, w). As d (N,w,β) is a convex combination of tree metrics on X, d is certainly a metric.
We will often refer to the probability assigned to some tree T (with corresponding function f ) in T (N), by which we mean the probability assigned to the function f corresponding to T . In this way we shall refer to β(T ) rather than β(f ), and refer to a probability distribution on T (N) when we mean the probability distribution on the functions associated with each tree in T (N).
Each tree in T (N) is equivalent to a selection of arcs at each reticulation vertex, and the product of the reticulation probabilities assigned to each arc is β f . Consider the below network N with horizontal reticulation arcs A, B, C. Then if the reticulation probabilities are α(A) = 0.6, α(B) = 0.2, α(C) = 0.1, then the probability assigned to T is
When Network Distances Become Tree Metrics
The four-point condition is a useful theorem, as for a set of distances on a set of taxa X it shows both whether a tree exists that fits the distances as well as ensuring that there is a unique such tree. However, the possibility remains that there is also a network on X that also fits the distances, which means that some data may have a more complex evolutionary history than implied by the four-point condition. Francis and Steel (2015) showed that some tree metrics can also be represented by a metric on a non-trivial HGT network, in the sense that there is at least one reticulation on the network between non-adjacent arcs. Specifically, the distance metric on the 4-leaf HGT network in the diagram below was shown to be a tree metric for certain ranges of arc weights and reticulation probabilities. We shall refer to a network with this property as tree-metrisable. Definition 2.6. Let T be a binary phylogenetic tree and N a HGT network, both on some taxa X. Then N is said to be tree-metrisable on T or just tree-metrisable if there exists arc weights and reticulation probabilities that can be placed on N such that d N is a tree metric representable on T . Francis and Steel's example of a HGT network with two reticulation arcs that is tree-metrisable on a tree that is not the base tree.
HGT Networks with a Minimal Number of Arcs
We now show a novel result -that there exists a minimal number of HGT arcs required on a non-trivial HGT network N for N to be tree-metrisable. Recall the following theorem. (2015)). If the trees in T (N) can be partitioned into two non-empty isomorphism classes of unrooted trees, then d N is not a tree metric.
Given this Proposition and the fact that a HGT network with a single HGT arc can only display at most two isomorphism classes of trees, the fact that there is a minimal number of HGT arcs required on a network to potentially represent a tree metric is perhaps unsurprising. What may be more surprising is that the minimal number of HGT arcs required increases linearly with the size of |X|. Of course, there is some setup required to show this -in particular we must first recall some facts to properly define what 'non-trivial' means in this context.. Definition 3.2. The base tree of a HGT network N, denoted T N , is the unique tree obtained by deleting all reticulation arcs and suppressing any vertices in the resulting tree of in-degree and out-degree 1. We say that a HGT arc A starts (or ends) on an arc E of the base tree T N if the source (or target) vertex of A is suppressed to form E in the base tree. Recall the following lemma from Francis and Steel (2015) . (2015)). For any HGT network N, if each reticulation arc is between adjacent tree arcs of T N , then d N is a tree metric on T N .
Lemma 3.3 (Lemma 4, Francis and Steel
In particular, we have the corollary:
Corollary 3.4. Let N be a HGT network, with a HGT arc A between adjacent tree arcs of T N . If we let N ′ be the network obtained by deleting A and suppressing the vertices at each end of A, then T (N) and T (N ′ ) contain the same isomorphism classes of trees, and each isomorphism class of trees has the same total probability in T (N) and T (N ′ ).
Remark 3.5. Suppose N is a HGT network for which there exists two HGT arcs A and B such that A and B start and end on the same arcs of T N and no HGT arc starts or finishes in between A and B. Then the network N ′ obtained by deleting A has identical isomorphism classes to N, but potentially different probability distributions of each. Now if we need to find the number of isomorphism classes displayed by a quartet in a network, Corollary 3.4 allows us to ignore any HGT arc that connects adjacent arcs. As a network with only one bridging arc can display at most two distinct trees, it follows that in order for a quartet to display 3 isomorphism classes, it must have at least two non-adjacent HGT arcs, at least one of which must start or end on a different arc.
Because we can exclude HGT arcs between adjacent tree arcs in T N for each N, we will frequently be referring to HGT arcs between non-adjacent arcs in T N . Definition 3.6. Let N be a HGT network and A be an HGT arc between arcs that are non-adjacent in T N . Then A is referred to as a bridging arc. A network with at least one bridging arc is referred to as non-trivial.
We can now properly establish our lower bound.
Theorem 3.7. Suppose N is a tree-metrisable HGT network on n ≥ 4 leaves. Then N has either 0 or at least n − 2 bridging arcs.
Proof. We proceed by induction.
Let n = 4, and suppose that N has only one bridging arc, A. Then by Corollary 3.4 it suffices to assume A is the only HGT arc in N. Then N displays two nonisomorphic trees, which by Proposition 3.1 means it is not tree-metrisable. This is a contradiction, so N has 0 or at least 2 bridging arcs. We use this as the base case for an induction.
Suppose that all tree-metrisable HGT networks on n = k leaves have either 0 or k − 2 bridging arcs, and let N be a tree-metrisable HGT network on k + 1 leaves. If all subnetworks of N induced by k leaves have 0 bridging arcs, then N contains no HGT arcs. Otherwise, N contains at least one subnetwork N ′ on k leaves with a bridging arc, which by assumption means that N ′ must have at least k − 2 bridging arcs. If N ′ has more than k − 2, we are done.
Suppose, therefore, that N ′ has exactly k − 2 bridging arcs. We intend to find a triple of leaves in N ′ that has a single bridging arc between them. If such a triple exists, we can consider the quartet in N consisting of our triple and the leaf in N that is not in N ′ , which we shall denote leaf ℓ. If the single HGT arc in our triple is the only arc, by Proposition 3.1 again, there can be no tree metric. Therefore there must be at least one bridging arc between ℓ and some leaf in the triple. This arc was not contained in N ′ , so N contains at least k − 1 bridging arcs, completing our inductive step. All that remains now is to find such a triple.
Select any leaf a in N ′ which is the source or target of at least one bridging arc. Given N ′ has exactly k − 2 bridging arcs, there must exist at least one leaf b in N for which there is no bridging arc between a and b. If there is any leaf with arc linking to either a or b but not both, we have found our triple. Suppose, therefore, there are no leaves with this property.
As a is the source or target of at least one bridging arc, there exists some leaf c that links to both a and b. We now consider the remaining leaves. If every other one of the k − 3 remaining leaves linked to at least one of a, b or c, there would be at least k − 3 + 2 = k − 1 > k − 2 additional bridging arcs, which is a contradiction. Hence there is some leaf d that does not link to any of a, b or c. Then we can take the triple a, c, d which will have the single bridging arc from a to c. Therefore in all cases, a triple with a single bridging arc exists.
Versatility
In this section we shall introduce a novel class of networks referred to as versatile networks, which have useful properties for representing a tree metric.
There are two major components required for a network N to be tree-metrisable on some tree T . Firstly, there must exist a probability distribution on T (N) that affords a tree metric on T . Secondly, there must exist a set of reticulation probabilities on the HGT arcs that affords the probability distribution on T (N). It is this second quality that presents most of our problems. Consider, for example, a network N with two HGT arcs A, B with respective reticulation probabilities α, γ. Suppose N displays 4 non-isomorphic trees, T 1 , T 2 , T 3 and T 4 , with respective probability distribution
Then it is impossible to have a probability distribution in which both β 1 > β 3 and β 2 < β 4 , as the former implies that γ > 1 2 , but the latter implies γ < 1 2 . Let N ′ be a network with the same display trees and corresponding reticulation probabilities as N, but suppose T 1 ≈ T 2 . Denote the second reticulation arc at the targets of A and B by A ′ and B ′ . The fact that T 1 ≈ T 2 is equivalent to stating that deletion of B ′ results in a network that displays only one isomorphism class of trees. In fact, as T 3 and T 4 are non-isomorphic, deletion of A ′ and B ′ actually partitions T (N).
In this case the isomorphism class containing T 1 is afforded a probability of
and we no longer have any contradiction. In fact, a quick calculation shows we can now afford any probability distribution on the isomorphism classes in T (N).
We will now extend this property to form the class of versatile networks for which the arcs partition T (N) and can afford any probability distribution on T (N). We first require some formalisations.
Definition 4.1. Let N be a network and T (N) the set of trees displayed by N. Let J be a set of arcs of N that end at reticulation vertices such that J contains no more than one arc from each reticulation vertex. Then the J-displaying tree set of N, denoted T (N) J , is the subset of T (N) of trees that contain every arc in J. In the case that A = (u, v) and B = (v, w) are suppressed to form (u, w) during construction of a display tree T , we label (u, w) by both A and B in T .
We can now define our class of networks. We can see that N 1 is a versatile network with versatility sequence V = {A 2 , A 1 }. To see this, consider T (N 1 ) {A 2 } . To construct a display tree containing A 2 , we must delete A 
. This is a complete list of display trees, but as N 2 contains two bridging arcs the definition of a versatile network requires a partition into 3 isomorphism classes. Hence N 2 does not have a versatility sequence.
The utility of versatile networks is due to the following lemma.
Lemma 4.4. Let N be a versatile network. Then for any probability distribution β on T (N), there exist arc weights on the HGT arcs of N that afford β.
Proof. Let A 1 , . . . , A k be the versatility sequence for N, and number the reticulation vertices correspondingly. By the definition of the versatility sequence, T (N) = {T 1 , . . . , T k+1 }, where T i for i ≤ k is obtained by deleting A 1 , . . . , A i−1 and A ′ i , and T k+1 = T N , the base tree of N. Let the reticulation probability for arc A i be denoted α i , and the desired probability of T i be β i . An immediate consequence of the versatility condition is that, for i ≤ k
because T i contains arc A i and not arcs A 1 , . . . , A i−1 and
but then we can set α 1 = γ 1 and
(1 − α j ) for 1 < i ≤ k + 1 and the probability of tree T i is β i for such a network.
Therefore, given a versatile network N, if we show that there exists a probability distribution on T (N) that affords a tree metric on some tree T , it immediately follows that there are arc weights that afford the distribution, and therefore there exists a tree metric d T on N for these arc weights.
It is worth noting the possibility that there exist networks that are not versatile that share this ability to afford any probability distribution on their display trees.
We quickly note a potentially useful property of arcs in a versatility sequence. Proof. Recall from Definition 2.4 that t denotes the time function on a HGT network. Without loss of generality, suppose A = (u 1 , v 1 ) is above B = (u 2 , v 2 ), in the sense that t(u 1 ) = t(v 1 ) < t(u 2 ) = t(v 2 ). We note that A and B cannot cross (i.e. t(u 1 ) > t(u 2 ) and t(v 1 ) < t(v 2 ) or other combinations of this nature) due to requirement 6 of Definition 2.4.
Let J be the set of all reticulation arcs in N except A and B.
If A and B have the same source and the same target, then the tree displayed by deleting A, B ′ and all arcs in J is the same as the tree displayed by deleting A ′ , B and all arcs in J, contradicting the partitioning criterion.
If the source of A is the target of B and vice versa, then the tree displayed by deleting A ′ , B ′ and all arcs in J is the same as the tree displayed by deleting A, B and all arcs in J, again contradicting the partitioning criterion.
Behind Every Tree Lies a Network
The utility of versatile networks means that, given a versatile network, we can ensure that there exist reticulation probabilities affording any probability distribution on the display trees. In order to find a tree-metrisable network for a given tree T , it therefore only remains to show that there exists a versatile network N such that there exists a probability distribution β on T (N) that gives us a tree metric on T . Then as N is versatile, we can immediately find reticulation probabilities that afford β. We first characterise the probability distribution for a single quartet on a network that may have many display trees.
Lemma 5.1. Let N be a network on a set of taxa X, with q a quartet {1, 2, 3, 4} on four elements of X. Suppose T (N) contains all 3 isomorphism classes on q, T r , T s , T t . Let T (N) = {T 1 , ..., T s }, and suppose that α j is the probability assigned to T j , and p j is the length of the internal arc of T j | q . Then 1. there exists a distance metric on N| q that meets the four-point condition, and 2. N is tree-metrisable on T r if T j |q∈Tr
Proof. Let the weights on T i be denoted w i , and let
for i = r, s, t, and let
Without loss of generality, suppose the trees in T r , T s and T t have the quartets 12|34, 13|24 and 14|23 respectively. It follows that A r < B r = C r , B s < A s = C s , and C t < A t = B t .
We shall now find a probability distribution so that d is a tree metric on 12|34.
which, noting that b j − c j = 2p j for T j | q ∈ T t and c j − b j = 2p j for T j | q ∈ T s implies that
which is the desired equality for this lemma.
Now considering the requirement that S 1 < S 2 , we have
which, noting that a j − b j = 2p j for T j | q = T s and b j − a j = 2p j for T j | q = T r implies that
which is the inequality required for this lemma. The remaining cases (i.e. when T r = 13|24, T s = 12|34 and T t = 14|23, etc.) are proved similarly.
To simplify the main result, Theorem 5.6, we take advantage of a class of especially well-behaved versatile networks.
Definition 5.2. Let N be a HGT network such that there is a HGT arc from every leaf arc to a given leaf arc Z except for the leaf adjacent to Z, if one exists, and no other HGT arcs. Then N is referred to as a floating network and Z is referred to as a floating leaf. Proof. Let {A 1 , ..., A t } be the sequence obtained by labelling the HGT arcs in N in reverse time order, and label the source leaf of each arc A i by i.
we can recall to be the set of display trees of N that contain A k and none of the preceding HGT arcs in our sequence. In the construction of a display tree containing A k , we delete all subsequent HGT arcs, so T (N) S k consists of only one isomorphism class. In particular, this is the unique isomorphism class among display trees in which Z and leaf k are adjacent. Furthermore, the base tree is the only display tree in which Z does not form a cherry with any leaf 1, ..., t. This is sufficient to show that N is versatile. Now let q be a quartet in N. If q does not contain Z, there are no HGT arcs in N| q , so q contains only 1 isomorphism class. Therefore suppose q contains Z. Suppose our quartet split is Zb|cd, for b adjacent to Z in the T N . Then as c and d are not adjacent to Z, there exists an arc starting on each of them and ending on Z. A quick check of the diagram below confirms that this implies all 3 isomorphism classes are displayed. Finally suppose that q contains Z but not b. Then all three of the leaves in q have a HGT arc starting on them and ending on Z. Therefore N| q is isomorphic to the above diagram but with an additional arc between Z and b, and so must also display all 3 isomorphism classes.
The phenomenon described in this lemma (and observed in Figure 6 ) of each display tree containing a unique cherry with Z is the inspiration for the name floating leaf, as the leaf Z 'floats' between all leaves in N. We shall refer to the display tree of a floating network N in which Z is attached to the leaf i by T i .
The following lemma generalises the particular case tackled in Theorem 5(b) of the article by Francis and Steel (2015) . This will form the base case for induction for the general case.
Lemma 5.4. Let N be a floating network on X where |X| = 4. Then N is treemetrisable on every tree on X.
Proof. By Lemma 5.3, all 3 isomorphism classes of trees are displayed by N. Let the isomorphism classes be denoted T 1 , T 2 and T 3 , and let p i be the internal arc length of T i . Suppose, without loss of generality, we wish to find a tree metric on T 1 . By Lemma 5.1, to satisfy the four-point condition and afford a tree metric on T 1 , it suffices to find solutions to
But since the p i are each non-negative, there are certainly probability distributions that meet this, and by Lemma 4.4 there are reticulation probabilities that afford these distributions.
We also require the inductive step for the main proof. The statement of this appears below, but the proof is lengthy and laden with inequalities, so we will defer it until later. Theorem 5.5. Let N be a floating network on k + 1 leaves that is tree-metrisable on the display tree T i . Let the floating leaf be Z. Let N + y be the floating network obtained by adjoining a leaf y to some leaf x = Z and adding a HGT arc from y to Z. Let T i + y be the tree obtained by adjoining y to the corresponding position on T . Then N + y is tree-metrisable on T i + y.
Together, these are sufficient for the first main result.
Theorem 5.6. Let T be a binary phylogenetic X-tree on n leaves. Then there exists a non-trivial HGT network N on X that is tree-metrisable on T . Furthermore, N has n − 2 HGT arcs, the minimal number of arcs.
Proof. Select some cherry in T and let one leaf of the cherry be i, the other Z. Suppose i and Z meet at vertex v. As v must have degree 3, let p = (u, v) be the third edge. Then u must also have degree 3, so let r, s be the other edges at u. Select two leaves a, b such that the unique path from a to u takes r, and the unique path from b to u takes s (see Figure 8) , keeping in mind that it is possible that r = a or s = b. Then let q = [i, Z, a, b] and take T i | q to be the base tree of a floating network N, with Z as the floating leaf. That is, N has T | q (which has quartet split iZ|ab) as a base tree, with HGT arcs from a and b to Z. We can see that N has four leaves and 2 HGT arcs, and therefore must have a valid probability distribution by the previous lemma. We can then inductively add the remaining leaves one at a time by Theorem 5.5 (noting that at each step we are not adding leaves to i or Z), until we obtain a floating network on n leaves which displays T . This floating network will have n − 2 arcs by construction, as each additional leaf we add during the inductive phase only adds one HGT arc.
If T 1 contains a cherry with a leaf pibling , we can even ensure that we can find a non-trivial network N that is tree-metrisable on T 1 and is based on some tree T 2 that is non-isomorphic to T 1 . As there certainly exist examples of trees with this property for any number of leaves n > 4, this means we will have successfully extended the example provided by Theorem 5(b) of Francis and Steel's article of this phenomenon occurring in n = 4, to any n ≥ 4.
Theorem 5.7. Let T 1 be a binary phylogenetic X-tree on n leaves that contains a cherry of leaves with a leaf pibling. Then there exists a non-trivial HGT network N on X that is tree-metrisable on T 1 . Furthermore, B has a base tree T 2 that is not isomorphic to T 1 , and N has n − 2 HGT arcs, the minimal number of arcs.
Proof. Let the cherry be composed of leaves a and Z, and the pibling be some leaf i. Let M be the HGT network obtained by placing a HGT arc with source on the leaf arc i and target on leaf arc Z. Then M will have two display trees -the base tree T 1 , and a non-isomorphic tree T 2 in which the leaf arc Z is attached to i and they form a cherry. Note that if we were to place a HGT arc from Z to a then we would obtain a network with base tree T 2 that also displays T 1 . Consider T 2 . Suppose i and Z meet at vertex v. As v must have degree 3, let (u, v) be the parent arc. Then by assumption (u, v) is adjacent to the leaf a and some other arc (r, u). Select any other leaf b (see Figure 9) . Then let q = [i, Z, a, b] and take T 2 | q to be the base tree of a floating network N 1 , with Z as the floating leaf. That is, N 1 has T 2 | q (which has quartet split iZ|ab) as a base tree, with HGT arcs from a and b to Z. By Lemma 5.4, N must be tree-metrisable on T 1 | q (which has quartet split Za|ib).
We can then inductively add the remaining leaves (with associated HGT arcs) one at a time by Theorem 5.5, until we obtain a floating network on n leaves with base tree T 2 which is tree-metrisable on T 1 . Importantly, we can construct T 2 exclusively by adding leaves to leaf b. At each step we will obtain a network with base tree T 2 restricted to some subset Y of X which represents a tree metric on T 1 | Y . Our final floating network N will have T 2 as a base tree and represent a tree metric on T 1 . Furthermore, N will have n − 2 arcs by construction, as each leaf we add during the inductive phase only adds one HGT arc.
Unfortunately not every tree has the property that it contains a cherry with a leaf pibling -consider Figure 10 . We require a definition which is necessary for the inductive proof (relegated to the appendix) and for an example.
Definition 5.8. Let N be a floating network with floating leaf Z and some display tree T i . The vertex in T i where Z attaches is referred to as the attachment point, and the distance between the attachment point and the nearest vertex of degree three is the attachment length.
It is worth noting that the attachment length can equivalently be defined as the distance from the source vertex of a HGT arc in N to its parent vertex. We also note that the nearest vertex of degree three to the attachment point is necessarily unique, as the floating leaf Z is attached to a leaf in a floating network.
Example 5.9. Let T be the tree shown in Figure 11 . We intend to construct a non-trivial network N that represents a tree metric on T . The tree T for which we intend to find some network N that is treemetrisable on T .
Theorem 5.6 requires us to select a four-leaf sub-tree of T , consisting of two leaves which form a cherry, a leaf a that is a descendant of u and a leaf b that is not a descendent of u. We select i and Z as the cherry, and let a = 1, b = 4. We are therefore considering T | q , where q = [i, Z, 1, 4], which has the quartet split iZ|14 in T . Let N be the floating network on a tree isomorphic to T | q , with Z as the floating leaf. That is, N has base tree T and a HGT arc from 1 and 4 to Z. Let us set the length of the edge (u, v) and all attachment weights to 1 for ease of calculation. By Lemma 5.4, there exists a set of edge weights and reticulation probabilities such that d N is a tree metric on T | q . Let the probabilities assigned to the quartet splits be β i , β 4 , β 1 , corresponding to iZ|14, Z4|i1 and Z1|i4. As in the proof of Lemma 5.4, it suffices to find solutions to the inequality
We shall set β 1 = . From this point onwards we follow the steps outlined in the inductive proof, relegated to the appendix. If you do not wish to read the appendicised proof, you may skip to the final paragraph of the example.
We now consider the addition of leaf 2 on T . In the appendicised theorem, we require the attachment point of 2 to be situated closer to the base of 1 than the prior attachment point, so we can set the length between u and the common ancestor of a and b to be 0.8 without loss of generality. That is, from the inductive step we have set p = 0.8, and hence ℓ 1 − p = 0.2
We must then set r and s as in the appendicised theorem, so for ease of calculation we set r = 1, s = 2, which by the attachment length formula, the attachment length for leaf 1 is now By the appendicised theorem, we now take the prior probability assigned to T 1 and split it between T 1 and T 2 , in the ratio respectively. We now have the probability distribution β i = . We can treat the addition of leaf 3 in a similar way (again setting r = 1, s = 2).
This leads us to the final probability distribution α i = 
Concluding Remarks
The four-point condition is extremely useful in contexts where the only potential structure is a tree. However, in contexts like evolutionary histories where more complex reticulation events can occur, Theorem 5.6 shows that any set of distance data that affords a tree can also be afforded by a non-trivial network. As has been noted, these evolutionary contexts include prokaryotes ( Theorem 5.7 shows that if the tree contains a cherry with a leaf pibling, it can be afforded by a non-trivial network with a different tree as a base tree. This means that evolutionary histories that appear tree-like due to the four-point condition may actually differ significantly from the tree-like structure indicated by the four-point condition. However, we note that due to Theorem 3.7 that this possibility should only be considered if there is a reasonable chance of n − 2 horizontal gene transfer events given a set of n organisms. Theorems 5.6 and 5.7 provide a partial answer to the question posed by Francis and Steel (2015) , which asked For any two binary phylogenetic X-trees T 1 and T 2 (where X can be of any size), is there an HGT network for which T N = T 1 and yet where d N is representable on T 2 (where the mixing distribution is given by the independence model)?
Theorem 5.7 tells us that if T 2 has a cherry with a leaf pibling, there at least exists some tree T 1 for which there is a network N based on T 1 that is tree-metrisable on T 2 . Any solution to the posed question would therefore have to demonstrate that that the network can be based on any tree. This leads to the following further question:
Can a HGT network N ever be tree-metrisable on a tree that is not in T (N)?
If so, the concept of a versatile network may be insufficient to find a complete solution to Francis and Steel's question, since if N is a versatile network based on some tree T 1 , all trees in T (N) differ by at most a single transplant of a section of T 1 .
However, the class of versatile networks seems to be interesting in its own right. In particular, it would be very interesting to have a characterisation of versatile networks. Some natural follow-up questions if versatile networks are characterised are:
1. Is a network N tree-metrisable if and only if it is versatile? 2. If it is possible to have a versatile network that is not tree-metrisable on any tree, can we characterise those that are?
3. In particular, do tree-metrisable, versatile networks fall into any useful classmost likely tree-sibling?
The answers to any of the questions above will prove interesting from a biological perspective as well, as they will provide bounds (or prove the non-existence of bounds) on exactly how misleading the tree-like structure implied by the four-point condition may be.
Appendices
We will now prove the inductive step -Theorem 5.5. Recall the statement of the theorem.
Theorem. Let N be a floating network on k + 1 leaves that is tree-metrisable on the display tree T i . Let the floating leaf be Z. Let N + y be the floating network obtained by adjoining a leaf y to some leaf x = Z or i and adding a HGT arc from y to Z. Let T i + y be the tree obtained by adjoining y to the corresponding position on T . Then N + y is tree-metrisable on T i + y.
Proof. Let α 1 , ..., α k be the probability distribution on T (N) = T 1 , ..., T k that affords
Denote the attachment length in T j by ℓ j , and let the internal arc length of T j | q be denoted by c j,q for any quartet q. Let T r , T r , T t be isomorphism classes of trees on a quartet q that contains Z in N, such that T i | q ∈ T r . By assumption and Lemma 5.1, there exists a solution to
We now consider N + y. To distinguish between arc weights and probabilities in N + y, we shall denote the trees in which Z is attached to the leaf j in N + y by U j , the attachment lengths by j j , and the probabilities assigned to U j by β j . The internal arc length of U j | q will be denoted by e j,q .
As it will not affect the topology of the tree, we shall assume that leaf y is attached to leaf x between the attachment point of Z in T x and the closest vertex of degree 3. Let p = ℓ x − j x . Note in particular that α x = β x + β y , and that for any quartet q in N + y that does not contain x or y.
We do not need to solve the inequalities for quartets that do not contain Z, as these have a unique isomorphism class in both N and N + y. We shall consider 4 cases -quartets that include neither x nor y, those that include one but not the other, and those that include both.
1. Consider a quartet q = [a, b, c, Z], for a, b, c = x, y. It is immediately obvious that the quartet split on q for U x | q , U y | q and T x | q are identical, and also that c j,q = e j,q for all j = y. Furthermore, e x,q = e y,q = c x,q . We therefore see that and so similarly to before, T j |q=Tx|q c j,q α j = U j |q=Ux|q e j,q α j .
3. We now consider the quartet q = [y, a, b, Z], for a, b = x. This quartet does not appear in any T j ∈ T (N). However, we can consider the related quartet q 1 = [x, a, b, Z]. For any j, if T j has the quartet split ya|bZ, T j has the quartet xa|bZ, if T j has yZ|ab, T j has xZ|ab, and if T j has yb|aZ, T j has xb|aZ. Additionally, for any j = x, y, e j,q = c j,q 1 . In addition, From this, we can see that the following three equations are true: and so we have an identical linear inequality to the previous case, which means that our solutions work in this case as well.
4. Finally, take the case where q = [x, y, a, Z]. In this case, U x is the unique tree with the split xZ|ay, with e x,q = j x and U y is the unique tree with the split yZ|ax, with e y,q = j y . As i = x (and certainly not y), we therefore need to represent a metric on aZ|xy. Thus we are required to satisfy the inequality U j |q=aZ|xy e x,q β j > j x β x = j y β y .
But we can see that j x β x = 1 + r s (ℓ x − p) sα x r + s = α x (ℓ x − p) and j y β x = 1 + s r (ℓ x − p) rα x r + s = α x (ℓ x − p), so j x β x = j y β y . Therefore we only need to show that U j |q=aZ|xy e x,q β j > j x β x .
Consider the quartet q ′ = [Z, x, a, b] in N, where b is the closest leaf to x on the opposite side of x to a (or if there is no opposite side, let b be the adjacent leaf to x). The inequality satisfied on q ′ implies that
It is easily seen that for every j such that T j | q ′ = Zx|ab, T j | q = Za|xy and c j,q = e j,q . Therefore
e j,q β j , so the inequality is satisfied and the proof is complete.
